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Everything Is Relative in Spacecraft System
Alignment Calibration

Mark E. Pittelkau*
Johns Hopkins University, Applied Physics Laboratory, Laurel, Maryland 20723

The concepts of absolute and relative alignment calibration of spacecraft attitude sensors are examined. It is
known that three degrees of freedom of attitude associated with absolute alignment calibration are unobservable
unless payload data are processed. It is shown that an absolute alignment model is equivalent to a relative alignment
model when the payload is regarded as an attitude sensor. Then it is shown that the three unobservable degrees
of freedom are eliminated by defining the gyro as the body reference frame, attributing only three nonorthogonal
misalignment parameters to the gyro. The payload misalignment can then be parameterized and calibrated in the
same manner as any attitude sensor, or this can be left strictly to the payload data processing, thus creating a well-
defined boundary between attitude control system calibration and payload calibration. The new parameterization

introduced is illustrated via simulation results.

Nomenclature

attitude matrix correspondingto ¢

gyro bias vector, rad/s

payload measurement sensitivity to attitude
perturbations

payload measurement sensitivity to payload
misalignment

= payload measurement sensitivity matrix

payload measurement function

identity matrix of conforming dimension

payload attitude error covariance matrix

payload measurement vector (unit vector)
inertial-to-body attitude quaternion

Kalman filter measurement update interval, s
payload misalignment transformation matrix
correspondingto .

nominal transformation from body reference
frame to the nominal (uncorrected) payload
reference frame

nominal transformation from body reference frame
to the nominal (uncorrected) gyro reference frame
diagonal matrices of asymmetric scale factor errors
Kalman filter perturbation state vector

payload focal plane measurements

general gyro misalignment matrices

orthogonal gyro misalignment vector, rad

gyro bias perturbation vector, rad/s

payload misalignment vector, rad

vector part of quaternion perturbation

star tracker 0 misalignment vector, rad

star tracker 1 misalignment vector, rad
orthogonal misalignments of the gyro

(elements of &)

rate white noise

angular acceleration white noise

diagonal matrices of symmetric scale factor errors
= gyro symmetric scale factor error vector,
nondimensional
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Ay, Ay, = symmetric scale factor errorsin the x, y,

A and z gyro axes (elements of A)

n = gyro asymmetric scale factor error vector,
nondimensional

My, by, = asymmetricscale factorerrorsin the x, y, and z

. gyro axes (elements of p)

I3 = gyro nonorthogonal misalignment vector, rad

&L & = nonorthogonal misalignments of the y-axis gyro
about the x and y body axes, rad

&, = nonorthogonal misalignments of the x-axis gyro
about the z body axis, rad

o? = rate white noise variance

o? = angular acceleration white noise variance

Q, = gyro miscalibration sensitivity matrix

Wy = true body angular rate vector, rad/s

Wem = gyro-measured angular rate, rad/s

Introduction

ENSOR alignment models necessarily fall into one of two cat-

egories: absolute or relative. For example, the alignment cali-
bration models in Refs. 1-4 are of the absolute type, and the models
in Refs. 5 and 6 are of the relative type. However, the authors of
some of these papers evidently were not aware of the concepts of
absolute and relative alignment or their implications.

The concepts of absolute and relative alignment calibration are
clearly defined and analyzed in Refs. 7 and 8. As shown in Ref. 8,
three orthogonal degrees of freedom of misalignmentare unobserv-
able in the absolute alignment model unless some other “absolute”
attitude measurementis available such as payload data. Uncertainty
in the unobservabledegrees of freedom are bounded only by a priori
information, which is usually of low accuracy when it is available.
For many systems, postprocessing of payload data is required to
produce a payload attitude measurement. This could impose a limi-
tation on the availability and usefulness of payload data for system
alignmentcalibrationand requires an interface between payload sci-
entists and attitude control system (ACS) engineers. Such an inter-
faceis often not practical because it demands more extensive system
engineering to define requirements, it requires a payload telemetry
interface and payload data processing, and it can create logistical
problems with data storage and retrieval in the ground processing
system. In addition, the ACS engineers are often unavailable once
a payload is in full operation, which may be a problem in systems
that require periodic recalibration. Subtle problems could also oc-
cur such as the random walk divergence of calibration parameters
described in Ref. 9.

We seek a general and unified approach to system calibration
that eliminates complications associated with absolute alignment
calibration. In addition to the attitude sensor alignment calibration,
we also want to estimate alignmentand other calibration parameters
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fora gyro assembly.!!? In this paper, we willreferto a gyroassembly
that senses angularrate in three orthogonal directions as simply “the
gyro” instead of referring to it by one of many common acronyms.

The following example will serve to illustrate the relationshipbe-
tween absolute and relative alignment. The alignment Kalman filter
developed in Ref. 1 is based on an absolute alignment calibration
model comprising an alignment vector for each of two star track-
ers, a general six-parameter gyro alignment model (two degrees of
freedom for each of three gyro axes), and gyro bias and scale factor
parameters. The a priori sensor alignment is measured with respect
to a master reference cube (MRC) that nominally defines the body
reference frame. (The MRC is a very accurate optical cube used
for alignment measurement.) Three degrees of freedom of align-
ment are unobservablein this model. Observability is obtained, and
the absolute misalignmentis estimated by processing attitude mea-
surements from the payload. The payload orientation with respect
to the MRC is not parameterized with misalignment parameters,
otherwise there would still be three extra degrees of freedom. The
body reference frame is effectively transferred from the MRC to the
payload when the absolute alignment error is estimated; the MRC
becomes an unimportant intermediate reference frame.

In effect, we have n attitude sensors including the payload (n =4
in the system just described) but only n — 1 orientation error vec-
tors to estimate. The absolute alignment model becomes a relative
alignment model with the inclusion of the payload as an attitude
sensor. Clearly we could model any subset of n — 1 sensors with
misalignment vectors. The remaining sensor is called the reference
sensor because it effectively defines the body reference frame; all
other sensors are aligned relative to the reference sensor. Thus, we
can dispense with the notion of absolute alignment; everything is
relative in alignment calibration.

The payload is an inappropriate choice for the reference sensor
for practical reasons already discussed. One obvious choice of ref-
erence sensor is one of the star trackers. The orientation of each of
the other sensorsis relative to that star tracker. This model is not sat-
isfactory because measurements might not always be available from
the tracker used as the reference sensor. The star tracker’s physical
axes are also not a convenientreference.

An orthogonal set of axes defined by the gyros has traditionally
been considered the body reference frame in attitude determination
filters. In addition, gyro data are available continuously. Hence, it
makes sense to consider the gyro as the reference sensorin a relative
alignment model. How this is done is a novelty of the development
in this paper.

The general six-parameter gyro misalignment model in Ref. 1
can be factored as a product of orthogonal and nonorthogonal mis-
alignment matrices as shown in the next section. The orthogonal
misalignment is then set to zero to eliminate three degrees of free-
dom. The body frame is, thus, defined by the gyro axes corrected for
nonorthogonalmisalignmentand possibly for some known and fixed
mounting orientation. The star tracker and payload misalignments
relative to the gyro can then be modeled and estimated. Omitting the
payload and its misalignment vector from the model does not affect
the observability of the remaining vectors because all other sensor
alignments are modeled relative to the reference sensor, which is
defined by the orthogonal gyro frame.

Internal-to-external orthogonal misalignment and orthogonal
mounting misalignmentof the gyro are estimated as part of the mis-
alignment of the other sensors because the alignment of all sensors
is relative to the gyro frame. For gyros that come with three single-
axis sensing units mounted internally to a package, the internal-
to-external misalignmentis usually calibrated by the manufacturer
with fair accuracy and can be used to reduce uncertainty in the initial
misalignment estimate.

The relative alignment calibration model described will be illus-
trated by a system in which there are two star trackers, three single-
axis gyros mounted nearly orthogonally, and an imaging sensor
that operates intermittently over an orbit. A set of payload point-
ing measurements may be derived from the imaging sensor data by
identifyingsurveyedlandmarksin the image. Alternatively,the pay-
load misalignment with respectto the attitude determination system
can be determined directly as part of the image processing.In either

approach, the estimated attitude history is required in the image pro-
cessing. The surveyedlandmarks are required for payload alignment
calibration.In any practical global imaging system, such landmarks
are not generally available, and so this type of payloadis nota good
choice for a reference sensor in an alignment calibration model.

In the next section, we derive a mathematical description of the
relative alignment parameterization. This is done first for the gyro
and then for the payload. The alignment parameterization and the
measurement sensitivity matrix of the star tracker were developed
in Ref. 1 and will not be repeated here. A square root Kalman filter
implementation,called an alignment Kalman filter or AKF, was also
presented there. We will refer to the calibrationalgorithmin this pa-
per as an AKF also. A detailed exposition of the implementation
of the relative alignment calibration model is beyond the scope of
this paper. However, some notes are given to describe how its im-
plementationdiffers from that of the absolute alignment calibration
model in Ref. 1, where substantial detail can be found.

Relative Alignment Parameterization

A parameterization of the gyro misalignment for relative align-
ment calibration is given in the following subsection. Other gyro
calibration parameters are also introduced. The measurement sensi-
tivity matrix for the payload attitude measurement is derived in the
subsequent subsection.

The state vector for most attitude determination filters!! com-
prises attitude perturbation and gyro bias perturbation states 8¢,
and 8b. The state vector for the AKF comprises these states and also
various calibration parameters. The calibration parameters consid-
ered and defined subsequentlyare a vector £ of three parameters for
nonorthogonal misalignment of the gyro axes, a symmetric scale
factor vector A for each sensing axis, an asymmetric scale factor
vector p for each sensing axis, two misalignment vectors for the
two star trackers, and a misalignment vector for the payload. The
state vector is then

x=(5q". 6b". €" N . 57, 6%, 67)" (1)

Gyro Calibration Model
The gyro-measured angular rate vector wyy, is related to the true
angular rate vector w,, (in body coordinates) by
Wem =T —A—=U)I - N*Tyw, —b, — 1, 2)
where b, is gyro bias (in gyro coordinates) and 7, is a rate white
noise with covariance anz I. (Note that az is popularly but incor-
rectly called the angle random walk varlance .) Here wy, is the true
angular rate in body coordinates, ¢ T}, is the transformation matrix
describing the nominal orientation of the gyro reference frame g,
with respect to the body coordinate system b, w,y, is in the gyro
frame g,, I — A is a nonorthogonal small angle misalignment ma-
trix, A = diag(A,, A,, A;) is a diagonal matrix of symmetric scale
factor errors, and U = diag[u, sign(w,), i, sign(w,), u. sign(w;)]
is a diagonal matrix of asymmetric scale factorerrors, where sign(-)
returns the sign of its argument. [Vector elements are denoted by
subscripts x, y, and z, for example, w = (w,, w,, w.)".] Note that
asymmetric scale factor errors can be important if, for example, a
fiber optic gyro is used and much less so if a ring laser gyro is used.
~ The bias is modeled as a rate random walk process, or drift,
b, =mn,, where 7, is an angular acceleration white noise process
with covariance anzrl . (Note that anzr is popularly but incorrectly
called the rate random walk variance.) This variance is computed
from the drift variance typically quoted by gyro manufacturers as
2 = (2/t4)0}, where 1, is the specified drift stability interval.
The true angular rate is obtained by solving Eq. (2) for w,. Then

"T (I — A" — A —U) " (wen +b, +1,)
="T,, (I + A)(I + A + U)(wgn +b, +1,)

~ T, (I + A+ A+ U)(wem + by +1,) 3)

Note that A >~ A, A~ 1~\, and U ~ U because the misalignments
and scale factor errors are small.
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Becauseeachsensingaxis of the gyrois misalignedindependently
of the others, the misalignmentmatrix / + A is defined by the sum of
orthogonalsmall-anglerotationsof the true angularrate vector about
each axis. Each rotation is approximated by a matrix of the form
I+ [6; %], where i € {x, y, z} is an axis label. Let w’' = (I + A)w
and w = w,, + b, +1,. The gyro rate in the misaligned coordinate
system is

1 =8y, by .
S Tw,=0+ANw =| 8, 1 0 0
—8yy 0 1 0
1 =4, 0 0 1 0 8.y 0
+ |4, 1 S| oy +]| O 1 =4, 0
L0 4y, 1 0 —8,, 8. 1 !
1 —8y. 6y '
= 8,\'1 1 _82)6 w;y (4)
| —0yy Oy 1 W,

The matrix I + A can be factored such that I + A = QR, where
Q is orthogonal and R is upper triangular. The matrix Q is well
approximated by a small-angle transformation / + [§x] and R by
three nonorthogonal misalignment angles €., £,, and £,. Then

1 -5 3, 1 & -,
I+A=U+[6xDR=|5 1 =5||0 1 &
-8, & 1 00 1
1 _(51 - gz) ‘Sy - gy
= 82 1 _(Sx - gr) (5)
—8, 8y 1

where &, &,, and & are elements of the nonorthogonal matrix R.
Equating like terms with the misalignment matrix in Eq. (4) yields
the orthogonal and nonorthogonal misalignments in terms of the
general misalignments:

8,\' = (Syx ) %‘x = (Syx - (Szx (63)
8)7 = 8,\')77 5)7 = 8,\')7 - 82)' (6b)
8, =du, & =68, — 0y, (6¢)

This resultprovidesan alternative means of parameterizing the gen-
eral gyro misalignmentmodelin Eq. (4) whereby the orthogonaland
nonorthogonal misalignments are distinct in the model.

A similar result is obtained by computing the QS factorization
of I + A, where S is symmetric. This is derived in the Appendix.
Other factorizationsare not pursued in this paper. The choice of fac-
torization is only one of convenience;the QR factorization makes
it somewhat easier to compute the upper-diagonal (UD) factors of
the process noise matrix.

Setting the orthogonal misalignment d to zero (5, =8, =48, =0)
gives I + A ="R. This removes three unobservabledegrees of free-
dom of attitude and defines the gyro as the reference sensor. Because
the coefficients are states to be estimated, we get from Eq. (3) and
noting that Uw = (i |wy |, pyloy |, .l )7,

wp ="Tpwem +To, (I + A+ A+ U)b, +n,) +"T,,

)

= tho""’gm + hTSan’ + hTSo Q,0, + thma ®)

with the obvious identification of the matrix €2, and the vector d,
from Eq. (7). Equation (8) is part of the state model to be imple-
mented in an extended Kalman filter to estimate the calibration
parameters.

Payload Alignment Calibration Model
Although alignment calibration of the payload is optional in the
relative alignment error model, the following derivations apply to
any vector sensor, such as a sun sensor, that may require calibration.
The payload considered here produces a measurement vector

h(x) — |:xlpi| — |:px/pzi| (9)

yfp py/pz
where ‘p = (py, py, p.)T is a unit vector in payload coordinates, xg,
and yy, are measured along orthogonal axes in the focal plane of
the sensor, and the state vector x was defined in Eq. (1). Several
reference vectors are available when a calibration target is in view

of the payload. The reference vector ‘p in inertial coordinates is
transformed to the payload frame by

‘p(q.68.) =T, (6.)°T,AlQ)'p (10)

where“T,, (§.) = I — [d. ] is a misalignmentmatrix parameterized
by the small angle rotation vector 4., “7}, is the nominal body-to-
sensor mounting matrix, and A(q) is the attitude matrix correspond-
ing to the attitude quaternion ¢, which describes the body attitude
with respect to the inertial reference frame.

Following the derivation of the general measurement sensitivity
matrix in Ref. 11 for vector measurements, we have the payload
attitude measurement sensitivity matrix

oh

H=—=[c, 0 G, 11
— =1 5] (1)
where
oh
c, = 88—% =2r"’px] (12a)
oh
r'=—T,(6.)"T, (12b)
ap
'p=A@@'p (12¢)
and where
oh
Céc = 866 :sT[CpX] (133.)
oh
s = (13b)
a°p
p="T.,6)°T,A(q)'p (13¢)
From Eq. (12b),
Oxg, Oxg  OXgy
I h Bp.  op, Op.
rT — - — a CTchOTh — P P) P CTchOTh
r] o Wy W Iy
ap.  dpy Op;
1 «
- 0 _Lz
— pz pz cTcochh (14)
1 Dy
0 - -
)2 p?

where p., p,, and p, are elements of the vector ‘p. Then from
Eq. (12a), C, is given by

C, = ’ (15)
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Similarly, from Eq. (13b), we get

sT 1/p. 0 —p./p
sT = L= (16)
s 0 1/p. —p,/p?
Then from Eq. (13a) C;, is given by
(5. xp)"
Cau = - 17)
(sy X CP)

The measurementresiduals are given by

Vy =xfpm_px/pz» Vy =yfpm_py/pz (18)

where xg,,, and yg,, are measured in the focal plane of the sensor.
The Jacobian matrices C, and C;_, the matrices r and s, and the
reference vectors °p and “p are evaluated at the a priori estimates
¢ andd, .

Remark: In the absolute alignment model in Ref. 1, the body
reference frame is effectively the payload reference frame, and so
the covariance of the payload pointing error is given by the attitude
error covariance. In the relative alignment model, the covariance of
the payload pointing error is given by

P = HPH" (19)

where P =UDUT is the filter error covariance matrix and U and
D are its UD factors. Of course we rarely want to compute P in
a UD implementation. The payload pointing error covariance is
easilycomputedfrom H.PH' = HUDU'H! = (H.U)D(H.U)".
The computation is even simpler when only the main diagonal of
P, is needed. It should be obvious that the diagonal elements of
P, will be greater than the corresponding body attitude error vari-
ancesin P because P, reflects payload misalignmentuncertaintyin
addition to uncertainty in the estimated attitude of the body refer-
ence frame. When there are no payload measurements, the payload
misalignment is essentially the same as the unobservable degrees
of freedom in the absolute alignment error model. Neglecting the
unobservable degrees of freedom when computing the attitude un-
certainty (in this case the payload attitude uncertainty) is called
“naive” in Ref. 8 because the attitude uncertainty is believed to be
much smaller (as indicated by the first three diagonal elements of
P) than it truly is (as indicated by the diagonal elements of P,).

Implementation Note

The calibration algorithm is implemented by using the UD fac-
torization algorithm described in Ref. 1, where the block structure
of the process noise matrix was used to obtain a simple algorithmto
compute its factorization. The €2, matrix in Eq. (8) does not exhibit
suchastructure. This difficulty is circumventedby defining a permu-
tation vector that identifies which columns contain nonzero entries
for the x, y, and z axes and another vector that contains these entries.
Simplicity is regained with this approach. Further implementation
details are beyond the scope of this paper.

Mitigating Gyro Calibration Errors

Areal-timeon-orbitattitude determinationfilter usually estimates
only attitude and gyro bias, and so the real-time filter will exhibit
degraded performancein the presence of residual calibrationerror.!
A process noise matrix that this author calls a cover covariance
can substantially reduce the degradation of performance (Ref. 12,
pp. 305, 306). This was derived and demonstrated in Ref. 1. A
slightly modified derivation is given here for the relative alignment
error model. Because the misalignments and scale factor errors in
the gyro model Eq. (8) are not estimated in the on-orbit Kalman
filter, they can be retained as process noise inputs to the following
attitude and bias model:

3q, o %}’k”g oq 1,
= ’ Y 4+ T+ =T, R, 6
[8b81|k+1 |:0 1 8, k KT e

(20)

where ¢, and y; are elements of the state transition matrix, 8¢, and
Sbg are perturbation states (from linearization), and 7, is a discrete
white process noise with £{n,n, } = I. The matrix I'; is a square
root of the process noise matrix for the filter. The gyro parameter
vector d, can be treated as a white random process with covariance

2 4. 2 2 2 2 2 2 2 2 2
Y, =« dlag(ayz, 0.5 0y Orgs Oy Oy O s O (IM) 21
where o is a scalar tuning parameter. With the approximation
v =TI, where T is the prediction time, the covariance of the last
term in Eq. (20) is given by the cover covariance matrix

0. = (T*/4'T,Q,z,Q"'T!

2_ 2 2 2 2 2
Let 0, =05, + Opixs Oy =05, + Oy '
equation for Q.. gives the very simple expression for the cover

covariance

* =0y, +o_,. Expanding the

z

T2

_ 217
Qcc o T Tgo

w’o? + a)ia; + a)fazzy 0 0

X 0 w?c? + w?c? 0 |°r"
vy zVzx go
0 0 a)zzaz2
(22)

where w = wgn + b, is the bias-corrected gyro measurement. Be-
cause this matrix depends on angular rate, the cover covariance is
large only for large angular rates where the effect of the miscalibra-
tion is more pronounced. Note that w and b are in body coordinates
if the gyro-to-body reference frame transformation’7T,, is omitted
from the preceding equations.

A cover covariance for attitude sensor misalignments can be
added to the measurement covariance matrix. Because the relative
misalignment model eliminates unobservable degrees of freedom
that exist in the absolute misalignment model, the cover covariance
for the relative alignment model requires less process noise and,
therefore, gives better results than were shown in Ref. 1 for the
absolute alignment model.

Simulation Results

The model parameters that were used to generate the results in this
section are the same as in Ref. 1 exceptthat here the orthogonalmis-
alignment of the gyro is zero, asymmetric scale factor errors are in-
cludedin the present gyro calibrationmodel, and the payloadis mis-
aligned with respect to the body reference frame. The asymmetric
scale factors are also introduced. The following data are realistic for
an attitudedeterminationsystem. The star tracker misalignmentvec-
tors are d,; = (—20, —20, 20)" and §,, = (20, 20, 20)" arc-s. The
symmetric scale factor vector of the gyro is A = (500, 500, 500)”
ppm, and the asymmetricscale factor vectoris p = (500, 500, 500)"
ppm. The gyro misalignments are §,=46,=4,=0, that is,
8y; =8¢y =08,x =0, and & = (—400, —300, —200)" arc-s, that is,
8., =400, ., =300, and §,, =200). The 1o star tracker accuracy
is 6 arc-s in the cross boresight axes and 37 arc-s in the bore-
sight axis. The standard deviation of the rate white noise of the
gyros is 0.005 deg/s/h and their lo drift stability is 0.05 deg/h
over 1000 s. The 1o attitude measurement accuracy of the payload
is 0.5 arc-s in each of the two cross-boresight directions, and it
has a 1-deg field of view. The filter’s measurement update interval
is 0.2 s. Finally, the calibration maneuver is a 0.5-deg/s sinusoid
that varies at 0.01, 0.0085, and 0.008 Hz in the x, y, and z axes,
respectively.

Figures la-1h show the performance of the relative alignment
estimator. These graphs show the estimation errors and the 1o
bounds computed from the filter’s covariance matrix. Payload atti-
tude measurements were taken at 5 Hz for 100 s starting at 500 s and
again for 100 s starting at 1000 s. These results show that all param-
eters converge, except the payload misalignments, before process-
ing payload measurements of attitude. The payload misalignment
estimate converges only when payload attitude measurements are
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Fig. 1 Relative alignment calibration results.

processed. The processing of payload measurements does not sub-
stantially affect the estimation of the other calibration parameters,
although a change in the estimated asymmetric scale factor error in
Fig. 1fappearsto coincidewith the processingof the payloadattitude
measurements. (The meandering of estimation errors outside of the
1o boundsis not an indicationof divergenceor bias, rather it is sim-
ply a result of the estimation errors having a long correlation time.)
Note from Figs. la-1c and 1f that the attitude and misalignment
parameter estimates of the star trackers converge as the nonorthog-
onal misalignment parameter estimates of the gyro converge. Their
rate of convergence depends on the angularrate of the spacecraftas
well as the accuracy of the gyros and star trackers. To the author’s
knowledge, a study of this empirical fact has not appeared in the
literature. However, a method to combine estimates from individual
calibrations of low quality due to limited maneuvers is presented in
Ref. 13.

The reader should compare these results with those of the abso-
lute alignment estimator presented in Ref. 1. In that estimator, the
convergenceof attitude and of the misalignment parameters is lim-
ited by the absolute alignment error until payload data is processed
and is ultimately limited by the quality and quantity of payload data.
The convergenceof the absolute alignment error in Ref. 1 is similar
to the convergence of the payload misalignment in Fig. le.

Although it is not shown in this paper, the reader can verify
that alignment calibration performance using one star tracker and
gyro is essentially the same as with two star trackers and gyro.
This is because one star tracker provides three-axis attitude; two
star trackers simply improves accuracy. The limited boresight ac-
curacy of a single tracker is not of great consequence when the
calibration maneuvers are over a large angular range and at a suf-
ficient angular rate. The reader is invited to verify that this also is
true.
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Fig. 1 Relative alignment calibration results (continued).

Conclusion

We have shown that the absolute alignment error model is a rela-
tive alignmenterror model when measurementdata from a reference
sensorare used. The referencesensormodel does notcontainorthog-
onal misalignment parameters. Because any attitude sensor or gyro
can be chosen as the reference sensor, it can be said that everything
is relative in system alignment calibration.

The payload has long been considered the source of absolute
alignment. A more convenient choice of reference sensor than
the payload is the gyro. We defined a model for gyro calibration
that includes nonorthogonal misalignment, symmetric scale fac-
tor error, and asymmetric scale factor error. The orthogonal mis-
alignment is zero in the gyro misalignment model because the
gyro is the reference sensor. We also defined a model for pay-
load alignment calibration and derived its measurement sensitivity
equations.

Estimation of payload misalignment is optional in the relative
alignment model and can be left strictly to the payload scientists,
thus creating a well-defined boundary between ACS calibrationand
payload calibration. This eliminates potential logistical, communi-
cation, and technical problems associated with calibrating the pay-
load alignment as part of the ACS calibration.

Simulation results illustrate the efficacy of the relative alignment
model introduced. These results show that the relativealignmentand
gyro calibration parameters converge without ambiguity. They also
show that the payload misalignment can be estimated if necessary.

The relative alignment error model introduced is suitable for au-
tonomous on-orbit real-time calibration because there are no unob-
servable degrees of freedom in the model. Although few systems
have the computational power or the need to do this, there are some
high-performance systems that may benefit. A decoupled estima-
tor such as that described in Refs. 5 and 6 may be considered for
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this task instead of a full Kalman filter. The first-stage estimator
estimates attitude and gyro bias, and the second stage estimates the
calibration parameters. The second stage may be updated at a slower
rate than the first to save computation time.

Appendix: QS Factorization of the Gyro
Misalignment Matrix
The matrix I + A can be factored such that / + A = QS, where
Q is orthogonaland S is symmetric. As before, the matrix Q is well
approximated by a small angle transformation I + [ x]. Then

1 -5 8 1 -
I+A=T+[6xDS=| 6 1 =&|| ¢ 1 &
-5, & 1 -, o 1
1 —(6.—¢) 8-,
~ | 8 +¢ 1 —(y — &) (A1)
—(By+8) S+l 1

Equating like terms with the misalignment matrix in Eq. (4) yields
the orthogonal and nonorthogonal misalignments in terms of the
general misalignments:

8,\' = %(Syx + 82/\')5 {x = %(Syx - (Szx) (AZ)
(Sy = %(‘Sxy + ‘Szy)a Zy = %(Sx)’ - 82)’) (A3)
82 = %(sz + ‘Syz)a &= %(arz - 8)72) (Ad)

Effectively, the nonorthogonalmisalignmentis splitevenly between
the body-frameaxes. Setting 6, =8, =8, = 0gives/ + A =S.Note
that although there are as many parameters in the symmetric factor
S asin the uppertriangularfactor R, there are fewer multiplications
needed to apply R, and so the QR factorizationis preferred. From
Eq. (A1), we have

1 _(62 - Cz) 8)7 - {y Wy
82 + Cz 1 _(Sx - Cr) w,y
_(6)7 + {y) 8,\' + {x 1 w;
0 w, -0, 0 -0 o, 8)7
=|-w, 0 W, W, 0 o : (A5)
Cx
w, —wx 0 w, —o 0
&y
&

The expression on the right is essentially the same as in Ref. 2.
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